
Theorem 1 (Dominated convergence of Lebesgue) Assume that 𝑔 is an integrable func-
tion defined on the measurable set 𝐸 and that ( 𝑓𝑛)𝑛∈ℕ is a sequence of measurable func-
tions so that | 𝑓𝑛| ≤ 𝑔 . If 𝑓 is a function so that 𝑓𝑛 → 𝑓 almost everywhere then

lim
𝑛→∞

𝑓𝑛 = 𝑓.
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Proof : The function 𝑔 −𝑓𝑛 is non-negative and thus from Fatou
lemma we have that ∫(𝑔 − 𝑓 ) ≤ lim inf∫(𝑔 − 𝑓𝑛). Since | 𝑓 | ≤ 𝑔
and | 𝑓𝑛| ≤ 𝑔 the functions 𝑓 and 𝑓𝑛 are integrable and we have

𝑔 −𝑓 ≤ 𝑔 − lim sup𝑓𝑛,

so
𝑓 ≥ lim sup𝑓𝑛.


